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Abstract 

We gather here seven definitions of a Gelfand-Shilov-Roumieu space of rapidly decreasing functions as 
an inductive limit of a directed family of Banach spaces. We prove that all the inductive limit topologies 
defined are the same: they do not depend on the directed family we use for the definition of the Gelfand-
Shilov-Roumieu space. 
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Introduction 

The Schwartz space S of rapidly decreasing functions is the space of smooth functions 
CR →n:ϕ  who have the property that 
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Relatively late, in 1993 (Schwartz published his celebrated books on distribution theory in the 
fifties), J. Chung, S. Y. Chung and D. Kim ([1]) proved that a function φ belongs to the space S 
if and only if 

n

x
xx

n
N

R
∈∀∞<

∈
βϕβ )(,)(sup  and n

nx

x N
R

∈∀∞<∂
∈

αϕα )(,)(sup , 

or, equivalently, if and only if 
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Here ϕ̂  denotes, as usually, the Fourier transform of the function φ. Notice that in the last 
characterization of the space of rapidly decreasing functions, the derivatives of the functions are 
not explicitly involved. 

If one imposes more precise conditions on the rate of decay of the function and of its derivatives 
(or of its Fourier transform) one obtains the Gelfand-Shilov-Roumieu (GSR) spaces. The first 
definition (chronologically and the most used) of these spaces is the following. If (Mp)p and 
(Np)p are two sequences of positive numbers who satisfy some additional conditions (the 
sequences we are working with in our paper will satisfy conditions (A1) – (A4) from below), 
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the GSR space }){},({ pp NMS  is the space of those rapidly decreasing functions who have the 
property that 
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for some positive constants A, B and C ([3], [7]). 

The conditions (A1) – (A4) are the following: 

(A1) 1,1 10 ≥= MM ; 

(A2) 1)(,11
2 ≥∀≤ +− pMMM ppp  (logarithmic convexity); 

(A3) there exists a constant 11 ≥H  such that 

0,)(,1 ≥∀≤ +
+ qpMMHM qp

qp
qp  

       (the condition of stability under ultradifferential operators ([6])); 
(A4) there exists a constant 12 ≥H  such that 

1)(,21 ≥∀≤− pMHMp pp . 

Starting from this point we shall consider, in order to simplify the notations and the proofs, that 
n = 1. Generalizations of the definitions and results from below to the case n > 1 are 
straightforward. 

In order to introduce a topology on }){},({ pp NMS  one defines, for some fixed constants A 
and B the norms 
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If we define 

};{}){},({ )1(

,
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, ∞<∈=

BAppBA NM ϕϕ SS , 

then }){},({)1(
, ppBA NMS  is a Banach space and 
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>
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We can define therefore an inductive limit topology on }){},({ pp NMS : 

}){},({indlim}){},({ )1(
,

0,
ppBA

BA
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>
= . 

The inductive limit is not strict ([7]). 

In analogy with the case of the space S who admits different characterizations, there are also 
different characterizations of the same GSR space. Correspondingly, we can define different 
families of norms on subspaces of a GSR space and construct the topology on }){},({ pp NMS  
as the inductive limit of different families of Banach spaces. Depending on the purpose we have 
in mind, it is convenient to use one or another of these characterizations. For example, the last 
characterization we shall give in the next section appeared to us to be extremely useful when 
doing the time frequency analysis of GSR spaces and of their duals, the spaces of 
ultradistributions. So, it is important to know that the topology of the GSR space is the same. 
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In our paper we shall give 7 equivalent definitions of a GSR space as a set (already known in 
fact in the mathematical literature ([2], [4], [5], [7]) and we shall prove that the topologies 
defined starting from these definitions are the same. Even if tacitly assumed in some of the 
paper mentioned above, we could not find a clear statement on the equality of these topologies 
and a complete proof of their equality. When the reference is clear we shall indicate it and we 
shall omit the details. 

In the second section of the paper we shall give the basic definitions and we shall formulate the 
main result. The third section will contain the proofs. 

Main Result 

We shall denote the operator of multiplication with the variable x with the same letter, x. The L2 
and ∞L  norms for functions defined on R are denoted with 

2
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∞
. 

For φ a smooth function on R and A, B two positive constants, we put: 
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Also, for a, b > 0, we put 

∞∞
+= )()()7(

,
eˆe ξϕϕϕ bMxbN

ba
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Here ),1[),0(:, ∞→∞NM  are the functions asociated to the sequences (Mp)p,, respectively 
(Np)p: 

0)(),lnln(sup)(
0
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≥
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p

. 

The spaces  
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are Banach spaces and the families 
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are directed families of Banach spaces (the last family is a directed one since the functions 
associated to sequences of numbers are nondecreasing functions). Therefore we can define their 
inductive limit. 
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Our main result is the following. 

Proposition 1. If sequences (Mp)p and (Np)p satisfy the assumptions (A1) – (A4), then 
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and 
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The corresponding inductive limits coincide. 

Proofs 

The starting point of the proof of Proposition 1 is the following lemma on inductive limit 
topologies. 

Lemma 1. Let IiiX ∈)( , JjjY ∈)(  be two directed families of normed spaces so that if 

21 ii XX ⊂  or 
21 jj YY ⊂  then the inclusion operator is bounded. If for every Ii ∈  there exists 

some Jj ∈  such that Xi is continuously embedded in Yj and for every Jj ∈  there exists some 
Ii ∈  such that Yj is continuously embedded in Xi, then 

j
jj

i
Ii

YX
∈∈

= indlimindlim . 

Proof. Let us recall that the inductive limit topology is defined by specifying a fundamental 
system of neighborhoods of the origin. The fundamental system of neighborhoods is constituted 
by the convex and balanced sets such that iXW ∩  (respectively jYW ∩ ) is a neighborhood of 

the origin in Xi for every Ii ∈  (respectively jYW ∩  is a neighborhood of the origin in Yj for 

every Jj ∈ ). So it is sufficient to prove that iXW ∩  is a neighborhood of the origin in Xi for 
every Ii ∈  if and only if jYW ∩  is a neighborhood of the origin in Yj for every Jj ∈ . 

Let us assume that iXW ∩  is a neighborhood of the origin in Xi for every Ii ∈  and let Jj ∈ . 
There exist some Ii ∈  such that Yj is continuously embedded in Xi. Therefore there exists a 
positive constant C such that 

jjYiX
YC ∈∀≤ ϕϕϕ )(, . 

Since )0(
iXiXW V∈∩ , there exists a positive constant ε such that W∈ϕ  if εϕ <

iX
. But 

if jY∈ϕ  and 
CjY

εϕ < , then εϕ <
iX

 and, consequently, W∈ϕ . Hence 

)0(
jYjYW V∈∩ . 

From Lemma 1 it follows that the conclusion of Proposition 1 holds if each space of type (i) is 
continuously embedded in a space of type (j) for every }7,...,1{, ∈ji . Since the sequences 

(Mp)p and (Np)p are fixed, we shall write simply )(
,
i

BAS  instead of }){},({)(
, pp
i

BA NMS . With the 
letter C we shall denote constants which do not depend of the function φ, on p or on q. 
Ocasionally we shall attach indexes to constants C. 
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Lemma 2. )1(
,BAS  is continuously embedded in )2(

1,BHAS  where H1 is the constant from the 
assumption (A1). 

Lemma 3. )2(
,BAS  is continuously embedded in )1(

1,1 BHAHS . 

The main ideas of the proofs of Lemmas 2 and 3 are contained in the proof of Proposition 1 
from the second chapter from [7]. One uses the Schwartz’s inequality and the assumptions (A1) 
- (A3). 

Lemma 4. )1(
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,BAS . 

Proof. We have that 
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12,221 BHHAHS  for 2
2 2HA ≥  and 2≥B . 

Before giving the proof let us notice that since the families of Banach spaces are directed, from 
Lemma 5 it follows that every space of type (4) can be continuously embedded in a space of 
type (2). 

Proof of Lemma 5. We shall follow [2]. We shall give the complete proof (even if it is a little 
bit tedious) since the estimates from [2] contain some errors. Assume that S∈ϕ . Then using 
successively integration by parts (the integration by parts is justified since all our functions 
belong to S), Leibniz rule of differentiation and Schwartz’s inequality, we have 
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since the sequence (Mp)p is logarithmic convex. Therefore 
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Taking into account this inequality, (A4) and the restrictions imposed on A and B we finally 
obtain 
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The proof is complete. 

Lemma 6. )4(
,BAS  is continuously embedded in )6(

,BAS  and )6(
,BAS  is continuously embedded in 

)4(
,BAS . 

This lemma is a direct consequence of Plancherel’s theorem. 
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Proof. Assume that S∈ϕ . Then we have 
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Following the argument from the second part of the proof of Lemma 5, we obtain the 
conclusion. The second index of the space of type (2) is equal with 2

12BH  since we have to 
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N
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Proof. For φ in S we have 

( ) ≤







+

+= ∫∫ −−−−

2/1

2
22212/1221

1
d)(ˆ)1(d)(ˆ

ξ
ξξϕξξξξϕξ p

p
pp

p
p MAMA  

)5(

,1
1

1 'ˆ)1(
BAH

p
p

p CMCA −
∞

−− ≤+≤ ϕϕξξ . 

Similarly 

( ) )5(
1

1,

2/1221 'd)( −
−− ≤∫ BHA

p
q

q CxxxNB ϕϕ . 

Lemma 9. )1(
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For the proof of the last two lemmas we shall again use an idea from [7]. 

Lemma 10. )7(
,baS  is continuously embedded in )5(
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S . 

Proof. We put 1−= bB . Then, using the definition of the associated function, we obtain that 
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The Fourier transform of φ is estimated in an analogous manner. 

Lemma 11. )5(
,BAS  is continuously embedded in )7(
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Proof. We put 1−= Aa , 1−= Bb . From  the definition of the associated function it follows that 
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Similarly, one has 
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The conclusion of Proposition 1 is derived from the lemmas 2-11. 
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Asupra topologiei spaţiilor Gelfand-Shilov-Roumieu 

Rezumat 

Reunim aici şapte definiţii ale unui spaţiu Gelfand-Shilov-Roumieu de funcţii rapid descrescătoare ca 
limită inductivă a unei familii dirijate de spaţii Banach. Demonstrăm că topologiile limită inductivă astfel 
definite sînt aceleaşi: ele nu depind de familia dirijată pe care o folosim pentru definirea spaţiului 
Gelfand-Shilov-Roumieu. 


